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Abstract
A score certicate for a tournament, T , is a collection of arcs of T which can be uniquely
completed to a tournament with the same score-list as T ’s, and the score certicate number of
T is the least number of arcs in a score certicate of T . Lower and upper bounds, which dier
by at most 2, are established for the score certicate numbers of the class of upset tournaments.
? 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A tournament, T , is a directed graph on a nite vertex set, V = fv1; : : : ; vng, such
that for each pair of distinct vertices, vi and vj, either (vi; vj) is an arc of T or (vj; vi)
is an arc of T , but not both. The score-list of a tournament is the multiset of the
outdegrees of its vertices.
Some recent research concerns eciently conveying the information of a tournament.
To make this more precise, let A be a subset of the arc-set of T . A completion of A
is a tournament on V containing each of the arcs of A. The set A is a score certicate
for T [4] provided T is the only completion of A having the same score-list as T . Said
another way, a score certicate for T is a set of arcs which, along with T ’s score-list,
determines T . The score certicate number of T , denoted sc(T ), is the least cardinality
of a score certicate for T . The papers [7,3,4,1,6] examine score certicate numbers
of tournaments.
In this paper, we establish upper and lower bounds, which dier by at most 2, on
the score certicate number for each tournament in the special class of tournaments
called upset tournaments.
In Section 2, we state some structural properties of upset tournaments. It is known
(see [2]) that there is a correspondence between upset tournaments on n vertices and
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the ordered partitions of n−3. 1 This correspondence is further discussed in Section 2.
Throughout we let  = (1; : : : ; K), be an ordered partition of n − 3, we denote the
corresponding upset tournament by T, and we let
b = jfj: j > 1gj
and
e = jfi: i 2 f1; Kg and i 6= 2gj:
In Section 3 we show that sc(T)6n+ b + e + 1 by constructing a score certicate
for T with at most n+ b + e + 1 arcs.
The set A is a score reversible set [4] for T provided A is nonempty and the
tournament obtained from T by reversing the arcs in A has the same score-list as
T . The simple, but useful, observation that the score certicates for T are precisely
the sets of arcs of T with the property that they contain at least one arc from each
score reversible set for T was observed in [1]. In Section 4 we exhibit a collection of
score reversible sets for T such that the smallest cardinality of a set that nontrivially
intersects each of these sets is n − 1 + b + e. Hence, we establish the lower bound
n− 1+ b+ e6sc(T). We also show that equality does not hold in some cases, such
as the case that i>2 for each i. In Section 5, we give a case by case summary of
the bounds.
2. Properties of upset tournaments
An upset tournament is a tournament on n>4 vertices with score-list
f1; 1; 2; 3; : : : ; n− 4; n− 3; n− 2; n− 2g:
Upset tournaments have been studied in [2,6]. In this section, we recall and develop
some properties of upset tournaments.
As discussed in [6], there is a standard form for upset tournaments. Let T be an
upset tournament. The two vertices of T that have outdegree 1 are the bottom vertices
of T . Similarly, the two vertices of T with outdegree n − 2 are the top vertices. The
upset tournament T on n vertices is in standard form provided its vertices are labelled
v1; : : : ; vn such that the outdegree of v1 is 1, the outdegree of vn is n−2, the outdegree
of vertex vi is i− 1 for 26i6n− 1, and the arcs (v1; v2) and (vn−1; vn) are arcs of T .
It is clear that each upset tournament is isomorphic to exactly one upset tournament
in standard form. As is customary, a tournament can be represented by lining up the
vertices v1; : : : ; vn vertically from bottom to top and including in the picture only those
arcs with upward orientation. An arc (vi; vj) of T is an upset arc if the outdegree of
vj is at least the outdegree of vi. Otherwise, (vi; vj) is a downarc. Thus, if T is an
upset tournament in standard form, then (vi; vj) is an upset arc if and only if i< j,
1 An ordered partition of N is simply a tuple of positive integers whose sum is N .
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or equivalently if and only if the arc (vi; vj) is present in the customary representation
of T .
We now show that the upset arcs of an upset tournament form the arcs of a path.
Lemma 2.1. Let T be an upset tournament in standard form. Then T has a unique
path from vertex v1 to vertex vn; and this path consists of the upset arcs of T .
Proof. First we argue that there exists a path, P, from v1 to vn consisting of upset
arcs. Let j be the largest integer such that there exists a path from v1 to vj consisting
of upset arcs. Since T is in standard form j>2. Since vj is not the initial vertex of
an upset arc, and is the terminal vertex of an upset arc, the outdegree of vj is at most
j−2. Because vertex vi has outdegree i−1, when 26i6n−1, we conclude that j=n.
Hence there exist a path from v1 to vn consisting of upset arcs.
Let T 0 be the tournament obtained by reversing the arcs in P. Since P is a path
the outdegree of v1 in T 0 is 0, the outdegree of vn in T 0 is n − 1, and for i 62 f1; ng
the outdegree of vi in T 0 is the same as the outdegree of vi in T , namely, i − 1.
Hence the outdegrees of T 0’s vertices are 0; 1; 2; : : : ; n − 2, n − 1. Hence, T 0 is the
transitive tournament where (vi; vj) is an arc of T 0 if and only if i> j. Thus the path
P contains all of the upset arcs of T . Since the upset arcs of T form a path from v1
to vn, P is the unique path from v1 to vn.
It follows from Lemma 2.1 that for each upset tournament T there exists a unique
path from a bottom vertex of T to a top vertex of T which contains both bottom
vertices and both top vertices. We call this path the upset path of T . We refer to the
portion of the upset path obtained by deleting the rst vertex and the last vertex of
the upset path as the truncated upset path of T .
It also follows from Lemma 2.1 that if T is in standard form and vi and vj are
vertices incident to T ’s upset path with i< j, then there is a unique path in T from
vi to vj, and this path consists of upset arcs.
As observed in [2], the upset tournaments on n vertices in standard form are in
1-to-1 correspondence with the ordered partitions of n − 3. Namely, for an ordered
partition  = (1; : : : ; K), we associate with  the upset tournament, T, in standard
form having truncated upset path
v2; v2+1 ; v2+1+2 ; : : : ; v2+1++K = vn−1:
Conversely, if T is an upset tournament in standard form with truncated upset path
v2; vi1 ; vi2 ; : : : ; vi‘ = vn−1;
we associate with T the ordered partition
= (i1 − 2; i2 − i1; i3 − i2; : : : ; i‘ − i‘−1)
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Fig. 1. Examples of upset tournaments in standard form.
of n − 3. Hence, there are exactly 2n−4 nonisomorphic upset tournaments on n
vertices.
Examples of upset tournaments in standard form are given in Fig. 1. Recall that all
of the undrawn arcs are understood to be oriented in the downward direction.
The following lemma asserts that certain induced subtournaments of an upset tour-
nament are also upset tournaments.
Lemma 2.2. Let T be an upset tournament; and let D be a strongly connected sub-
digraph of T on at least four vertices. Then the induced subdigraph; H; of T on the
vertices of D is an upset tournament.
Proof. Without loss of generality, we assume that the vertices of T are labelled so
that T is in standard form. Clearly, H is a tournament and is strongly connected.
Let v1; v2; vi1 ; : : : ; viK−1 ; vn−1; vn be the upset path of T . Suppose v‘1 ; v‘2 ; : : : ; v‘m are the
vertices of H incident to the upset path of T where ‘1<‘2<   <‘m. Since T is
an upset tournament, there is a unique path P in T from v‘1 to v‘m , and P consists of
all of the upset arcs of the form (vr; vs) where ‘16r; s6‘m. Because H is strongly
connected, P is also a path in H . Hence, the vertices of H which are incident to the
upset path of T are precisely those incident to the path P.
If p<‘1, then each path in T from vp to v‘1 contains an upset arc not in P. If
p>‘m, then each path in T from v‘m to vp contains an upset arc not in P. Hence, we
conclude that if vp is in H , then ‘16p6‘m.
Finally, we observe that apart from the arcs of P, all other arcs in H are of the
form (vi; vj), with i> j, since they are downarcs in T . By reversing the arcs of P in
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H , we obtain a transitive tournament with sink v‘1 and source v‘m . Thus, H is an upset
tournament.
3. Upper bounds
Let T be an upset tournament on n vertices. In [6], the fact that T has a unique
hamiltonian cycle is used to show that sc(T)62n− 3. In this section, we exploit the
fact that T has an unique path from v1 to vn to show that sc(T)6n+ b + e + 1.
The nearly transitive tournament on n vertices is the upset tournament, T(n−3).
The score certicate number for nearly transitive tournaments was studied in [4] and
determined in [6] to be n + 3, for n>10. Hence, for the remainder of this paper we
restrict our attention to T, = (1; 2; : : : ; K) with K>2.
An arc (vi; vj) of tournament, T , is a forced arc if the outdegree of vi is 1 more than
the outdegree of vj. We refer to such an arc as a forced arc because it must occur in
each score certicate for T . That is, (vi; vj) is a forced arc of T if and only if f(vi; vj)g
is a score reversible set.
Observe that (v3; v1) and (vn; vn−2) are forced arcs of T, regardless of . The other
forced arcs of T are precisely those of the form (vj; vj−1) where no more than one of
the vertices vj or vj−1 is on the upset path of T. Hence, if (vi; v‘) is an arc of the trun-
cated upset path of T and ‘−i>2, each of the arcs (v‘; v‘−1); (v‘−1; v‘−2); : : : ; (vi+1; vi)
is a forced arc of T. The following lemma is useful in constructing score certicates
for upset tournaments.
Lemma 3.1. Let T be an upset tournament on n vertices and let A be a collection of
arcs of T containing each arc of T’s truncated upset path and each of T’s forced
arcs. Suppose that the bottom and top vertices of any completion of A to an upset
tournament are the same as those of T. Then A is a score certicate for T.
Proof. Let T be a completion of A to an upset tournament. Let  be the permutation
of f1; 2; : : : ; ng such that the tournament obtained from T by relabelling vi by v(i) is
in standard form. To show that A is a score certicate for T it suces to show  is
the identity map.
Since v1 and v2 are the bottom vertices of T , and v2 is the initial vertex of an upset
arc of T, (v1; v2) is an arc of T . Similarly, (vn−1; vn) is an arc of T . Hence (1) = 1,
(2)= 2, (n− 1)= n− 1 and (n)= n. The path in T from v1 to vn is the upset path
of T . Since A contains each arc of the truncated upset path of T, we conclude that
the upset path of T is the upset path of T.
Let vi0 ; vi1 ; vi2 ; : : : ; viK be the vertices on the truncated upset path of T. If ij−ij−1>2,
then the arcs (vij ; vij−1), (vij−1; vij−2); : : : ; (vij−1+1, vij−1 ) are in A, since each is a forced
arcs of T. Hence,
(fij − 1; : : : ; ij−1gf(ij)− 1; : : : ; (ij−1)g (1)
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for j = 1; : : : ; K . Since the sum of the cardinalities of the sets on the left-hand side of
(1) equals n− 3, and the sum of the cardinalities of the set on the right-hand side of
(1) also equals n−3, equality holds in (1) for each j. Because (vij ; vij−1), (vij−1; vij−2),
: : : ; (vij−1 +1, vij−1 ) are downarcs of T whenever ij−ij−1>2, we conclude that (‘)=‘
for ‘ 2 fij − 1; : : : ; ij−1g. Therefore,  is the identity map.
We now count the arcs in an important set. Let S be the set consisting T’s forced
arcs and the arcs of T’s truncated upset path. The arcs (v3; v1) and (vn; vn−2) are in
S, exactly one of (vi; vi+1) or (vi+1; vi) is in S for i = 2; : : : ; n− 2, and for each part
of  which is greater than 1, S contains an arc of the form (vi; vj) where j> i + 1.
Hence
jSj= 2 + (n− 3) + b = n− 1 + b: (2)
Throughout the remainder of this article, we let
X = f(v1; v2); (v4; v1); (v4; v2)g;
and
Y = f(vn−1; vn−3); (vn−1; vn); (vn; vn−3)g:
We are now ready to derive an upper bound on the score certicate number of T.
Theorem 3.2. Let T be an upset tournament corresponding to =(1; : : : ; K); K>2.
If K>4 and 2 = 3 =   = K−1 = 1; or K = 3; 1>2; 2 = 1; and 3>2; then
sc(T)6(n− 1 + b) + e + 2:
Otherwise;
sc(T)6(n− 1 + b) + e + 1:
Proof. We construct a score certicate for T with the desired number of arcs. The
score certicate constructed will contain the arcs in S, an arc of X if 1 6= 2, an
arc of Y if K 6= 2, and either 1 or 2 additional arcs. In each case, the arcs of X
and Y and the additional arcs are chosen so that Lemmas 2:1, 2:2, and 3:1 can be
applied.
The cases that K =1 and 1 6= 1 can be proven analogously to the cases that 1 =1
and K 6= 1, and hence we do not need to consider the former cases. Throughout the
proof let V 0 = fv2; : : : ; vn−1g and V  = fv1; v2; : : : ; vn−1g. We rst consider the cases
with K>4.
Case 1: K>4; 1>2; K>2; and 2=3=   =K−1=1. Let D be the digraph with
vertices v1; : : : ; vn whose arcs are those in S, the arc (vn−1; v2), the arc (vn−1−K ; v2+1 ),
the arc (v4; v2) if 1> 2, and the arc (vn−1; vn−3) if K > 2. The induced subdigraph
of D on V 0 is strongly connected. Let C be a completion of D to an upset tournament,
and let C0 be the induced subtournament of C on V 0. By Lemma 2.2, C0 is an upset
tournament.
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We rst consider the location of the top and bottom vertices of C0. Let V1 =
fv2; : : : ; v2+1g, V2 = fv2+1 ; : : : ; vn−1−Kg, and V3 = fvn−1−K ; : : : ; vn−1g. Observe that
each of the induced subdigraphs of C0 on V1, V2, and V3 is strongly connected. Since
the truncated upset path of C0 must contain an arc from each cycle of C0, it follows
that either the bottom vertices of C0 are in V1 and the top vertices of C0 are in V3,
or vice versa. If the bottom vertices are in V3 then there exist two paths in C0 from a
given bottom vertex to a given top vertex. This contradicts, Lemma 2.1, the uniqueness
of the upset path of C0. Hence, the bottom vertices of C0 are in V1 and the top vertices
of C0 are in V3. If 1 = 2, then the bottom vertices of C0 are clearly v2 and v3, since
v4 has outdegree 2 in D0. If 1> 2, then the uniqueness of the upset path of C0 and
the arc (v4; v2) of D imply that the bottom vertices of C0 are v2 and v3. Analogously,
the top vertices of C0 are vn−2 and vn−1.
Since C also contains the arcs (v3; v1) and (vn; vn−2), the bottom vertices of C are in
fv1; v2; vng, and the top vertices of C are in fv1; vn−1; vng. Since v2 is the initial vertex
of some arc in C, vn is the initial vertex of the arc (vn; vn−2), and vn−2 6= v2, v1 is a
bottom vertex of C. This implies that vn−1, and vn are the top vertices of C, and in
turn that v2 is a bottom vertex of C. By Lemma 3.1, the set consisting of the arcs of
D is a score certicate for T. Hence, sc(T)6n− 1 + b + e + 2.
Case 2: K>4; 1>2; K>2; and at least one of 2; k ; : : : ; K−1 is not equal to 1.
Take D as in Case 1, but without the arc (vn−1; v2). Let C be a completion of D to
an upset tournament. We dene C0, V1, V2 and V3 as in Case 1.
As before, the induced subdigraph of D on V 0 is strongly connected, C0 is an upset
tournament, and either the bottom vertices of C0 are in V1 and the top vertices of
C0 are in V3, or vice versa. Since at least one of 2; : : : ; K−1 is not equal to 1, the
induced subdigraph of D on V2 contains a cycle  which does not contain the arc
(vn−1−K ; v2+1 ). Since (vn−1−K ; v2+1 ) is in D there is a path in D from any given
vertex in V3 to any given vertex in V1 which does not contain an arc of . Since the
truncated upset path of C0 contains an arc from each cycle of C0, we conclude that the
bottom vertices of C0 are in V1, and the top vertices of C0 are in V3. The remainder
the proof follows that of Case 1. Thus sc(T)6n− 1 + b + x + 1.
Case 3: K>4; 1 = 1; 2 = 3 =    K−1 = 1; and K>2. Let D be the digraph
with vertices v1; : : : ; vn whose arcs are those in S, the arcs (v1; v2), (vn−1; v1), and
(vn−1−K ; v3), and the arc (vn−1; vn−3) if K > 2. The induced subdigraph of D on V

is strongly connected. Let C be a completion of D to an upset tournament, and let C
be the induced subtournament of C on V . By Lemma 2.2, C is an upset tournament.
The uniqueness of C’s upset path and the fact that it contains an arc of each cycle
imply that the bottom vertices of H are v1 and v2 and the top vertices of H are
vn−2 and vn−1. Since C also contains the arc (vn; vn−2), the top vertices of C are vn−1
and vn. By Lemma 3.1, the set consisting of the arcs of D is a score certicate for T.
Hence sc(T)6n− 1 + b + x + 2.
Case 4: K>4; 1 = 1; K>2; and at least one of 2; 3; : : : ; K−1 is not equal to 1.
Take D as in Case 3, but without the arc (vn−1; v1). Dene C and C as in Case 3.
Using the property that the upset path of C is unique and contains an arc from each
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cycle of C, it can be veried that the bottom vertices of C are v1 and v2, and the top
vertices of C are vn−2 and vn−1. It then follows that v1 and v2 are the bottom vertices
of C and vn−1 and vn are the top vertices of C. By Lemma 3.1, the set consisting of
the arcs of D is a score certicate for T. Hence sc(T)6n− 1 + b + x + 1.
Case 5: K>4; and each i equals 1. Let D be the digraph with vertices v1; v2; : : : ; vn
whose arcs are those in S and the arcs (v1; v2), (vn−1; vn), (vn; v1) and (vn−2; v3). Let
C be a completion of D to an upset tournament. Since D is strongly connected, it
follows from the properties of C’s upset path that the bottom vertices of C are v1 and
v2 and the top vertices of C are vn−1 and vn. By Lemma 3.1, the set consisting of the
arcs of D is a score certicate for T. Hence sc(T)6n− 1 + b + x + 2.
Case 6: K>4, 1 = 1, K =1, and at least one of 2; 3; : : : ; K−1 is not 1. Take D
as in Case 5, but without the arc (vn; v1). Dene C as in Case 5. Using the property
that the upset path of C is unique and contains an arc from each cycle of C, it can
be veried that the bottom vertices of C are v1 and v2, and the top vertices of C are
vn−1 and vn. By Lemma 3.1, the set consisting of the arcs of D is a score certicate
for T. Hence sc(T)6n− 1 + b + x + 1.
Cases 1{6 cover all possible  with K>4. The proofs of the cases when K = 2
or 3 are analogous, and hence we only list the digraph D whose arcs form a score
certicate.
Case 7:  = (1; 1; 3), 1>2, and 3>2. Let D be the digraph whose vertices are
v1; v2; : : : ; vn and whose arcs are those of S, the arcs (vn−1; v2+1 ) and (vn−2; v2+1 ),
the arc (v4; v2) if 1>3, and the arc (vn−1; vn−3) if K>3.
Case 8:  = (1; 2; 3), and 1; 2; 3>2. Let D be the digraph whose vertices are
v1; v2; : : : ; vn and whose arcs are those of S, the arc (vn−1; v2), the arc (v4; v2) if 1>3,
and the arc (vn−1; vn−3) if K>3.
Case 9: =(1; 1; 3), and 3>2. Let D be the digraph whose vertices are v1; v2; : : : ; vn
and whose arcs are those of S, the arcs (v4; v2) and (vn−1; v2), and the arc (vn−1; vn−3)
if 3> 2.
Case 10:  = (1; 2; 3), and 2; 3>2. Let D be the digraph whose vertices are
v1; v2; : : : ; vn and whose arcs are those of S, the arcs (v1; v2) and (vn−1; v1), and the
arc (vn−1; vn−3) if 3> 2.
Case 11:  = (1; 1; 1). Let D be the digraph whose vertices are v1; v2; : : : ; vn and
whose arcs are those of S, the arcs (v1; v2), (v5; v3), and (v5; v1).
Case 12: =(1; 2; 1), and 2>2. Let D be the digraph whose vertices are v1; v2; : : : ; vn
and whose arcs are those of S and the arcs (v1; v2) (vn−1; vn), and (vn; v1).
We nally consider the cases when K = 2.
Case 13: K=2, 1>2 and 2>2. Let D be the digraph whose vertices are v1; v2; : : : ; vn
and whose arcs are those of S, the arc (v3+1 ; v1+1 ), the arc (v4; v2) if 1> 2, and
the arc (vn−1; vn−3) if 2> 2.
Case 14:  = (1; 2), and 2>2. Let D be the digraph whose arcs are those of S
and the arcs (v1; v2), (vn−1; v1), and (vn−1; vn−3) if 2> 2.
Case 15:  = (1; 1). Let D be the digraph whose arcs are those of S and the arcs
(v1; v2), (v4; v5), and (v5; v1).
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4. Lower bounds
In this section, we establish a lower bound on sc(T) by demonstrating a collection
of score-reversible sets such that any set which contains at least one arc from each of
these sets has at least n− 1 + b + e arcs.
One can verify that if K>2 and 1 6= 2, then X is a score-reversible set of T.
Therefore, if 1 6= 2, each score certicate for T contains at least one arc of X .
Similarly, one can show that if K 6= 2, then Y is a score-reversible set of T and each
score certicate for T contains at least one arc of Y . If  6= (1; 1), then X and Y are
disjoint. It is determined in [4] that sc(T(1;1)) = 7.
Theorem 4.1. Assume that K>2 and  6= (1; 1). Then
n− 1 + b + e6sc(T):
Proof. Let A be a score certicate for T. For each arc (vi; vj) of the truncated upset
path with i 6= 2 and j 6= n− 1, dene
R(i; j) = f(vi; vj); (vj+1; vi−1)g:
The R(i; j)’s are score-reversible sets containing no forced arcs and are pairwise disjoint.
Hence, A contains each forced arc, and at least one arc from each of the R(i; j)’s. It
follows that n− 3 + b6jA \ F j, where F is the union of the set of T’s forced arcs
and the R(i; j)’s.
To show the desired lower bound, it suces to demonstrate several more score-
reversible sets which imply that AnF contains at least e + 2 arcs. We begin by con-
sidering score-reversible sets related to 1.
In the case that 1> 2, X and f(v1+3; v2); (v2; v1+2)g are score-reversible sets
which are disjoint and disjoint from F . Hence, AnF contains at least two arcs in
X [ f(v1+3; v2); (v2; v1+2)g.
In the case that 1 = 2, f(v5; v2); (v2; v4)g is a score-reversible set which is disjoint
from F . Hence AnF contains at least one arc in f(v5; v2); (v2; v4)g.
In the case that 1 = 1, either A contains (v2; v3) and one of the arcs of the
score-reversible set X , or AnF contains (v4; v2) and one of the arcs (v4; v1) or (v1; v2).
Thus, we have shown that AnF contains at least
1 if 1 = 2;
2 if 1 6= 2
arcs, each of which is either the upset arc (v2; v1+2) or is an arc whose initial vertex is
in fv1; v2; : : : ; v1+3g and whose terminal vertex is in fv1; v2g. Similarly, AnF contains
at least
1 if K = 2;
2 if K 6= 2
arcs, each of which is either the upset arc (vn−1−K ; vn−1) or is an arc whose terminal
vertex is in fvn−2−K ; vn−1−K ; : : : ; vng and whose initial vertex is in fvn−1; vng. Since
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 6= (1; 1), we conclude that AnF contains at least 2+ e arcs, and hence that jAj>n−
1 + b + e.
We now discuss how, in some instances, Theorem 4.1 can be improved. We begin
by describing the possible sets of n− 1 + b + e arcs which contain at least one arc
from each score-reversible set of T, in the case that 1>2 and K>2.
Lemma 4.2. Suppose that A is a score certicate of the upset tournament T where
K>2; 1>2; K>2 and jAj = n − 1 + b + e. Then A consists of T’s forced arcs;
the arcs of T’s truncated upset path; 1 arc from X if 1> 2 and 1 arc from Y if
K > 2.
Proof. We dene the sets R(i; j) as in the proof of Theorem 4.1. Since A is a score
certicate of cardinality n − 1 + b + e, A contains exactly one arc from each R(i; j),
one arc from f(v3+1 ; v2); (v2; v2+1 )g, one arc from f(vn−1−K ; vn−1); (vn−1; vn−2−K )g,
one arc from X if 1> 2, and one arc from Y if K > 2.
It suces to show that A contains each arc on T’s truncated upset path. Consider an
arc = (vp; vq) on T’s truncated upset path. First, suppose that p 6= 2 and q 6= n− 1.
Since (vq; vp−1) 62 A, and f; (vq; vp−1)g is a score-reversible set, we conclude that 
is in A.
Next suppose that p= 2 and 1> 3. Then
f(v3+1 ; v1+1 ); (v1+1 ; v2); g
is a score-reversible set, and neither of the rst two arcs is in A. Hence  2 A.
Now suppose p= 2 and 1 = 3. Note that
f(v6; v1); (v1; v2); g and f(v6; v4); (v4; v2); g
are score-reversible sets. Note that (v6; v4) and (v6; v1) are not in A. If  62 A, then,
since A contains at least one arc from each of these sets, we are led to the contradiction
that A has more than 1 arc of X . Hence,  2 A.
Now suppose that p= 2 and 1 = 2. Note that
f(v5; v1); (v1; v2); g
is a score-reversible set. Clearly (v5; v1) 62 A, and since 1 = 2, (v1; v2) 62 A. Hence
 2 A.
Similar arguments show that if q= n− 1, then  2 A.
If it is possible to construct a second completion for each set of n− 1+ b+ e arcs
which meet each score-reversible set of T described in Theorem 4.1, then sc(T)>n+
b+ e. The next theorem shows that this is possible in the case that i>2 for each i.
In order to make the proof of the theorem easier to follow, we give another way
(see [6]) to represent upset tournaments. In the proof, we will need to describe upset
tournaments whose vertices v1; : : : ; vn are not labelled as to be in standard form. To
describe such an upset tournament, it is sucient to list the indices of the vertices in
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Fig. 2. The tournament T : (3; 4; 1; 7; 2; 5; 6).
order of increasing outdegrees and indicate which of the vertices lie on the upset path of
the tournament. We adopt the following n-tuple notation. Let T be an upset tournament
on vertices v1; : : : ; vn, not necessarily in standard form. We identify the vertex vi with
the index i. Let  be the permutation such that when T is put in standard form,
the vertices from bottom to top are (1), (2); : : : ; (n). If we start with the n-tuple
((1); (2); : : : ; (n)) and boldface each entry in the n-tuple corresponding to a vertex
of T ’s upset path, the resulting n-tuple completely describes T .
As examples, the nearly transitive tournament on n vertices in standard form is
denoted by the n-tuple
(1; 2; 3; 4; : : : ; n− 3; n− 2; n − 1; n);
and the 7-tuple (3; 4; 1; 7; 2; 5; 6) determines the upset tournament illustrated in Fig. 2.
Theorem 4.3. Let T be an upset tournament with K>2 and i>2 for all i. Then
n+ b + e6sc(T):
Proof. Suppose that A is a score certicate for T with jAj<n+b+ e. By Theorem
4.1 and Lemma 4.2, A consists of T’s forced arcs, the arcs of T’s truncated upset
path, 1 arc from X if 1> 2 and 1 arc from Y if K > 2. In each case, we exhibit a
completion of A to an upset tournament other than T.
Case 1: 1 = 2 and K = 2. Note that e = 0, so A consists of the forced arcs and
the truncated upset path of T. One can verify that
T1 = (n − 1; n − 2; n; n − 3; n − 4; : : : ; 5; 4; 1; 3; 2)
is a completion of A to an upset tournament other than T.
Case 2: 1 =2 and K>3. It suces to demonstrate an upset tournament other than
T which contains the forced arcs of T, the truncated upset path of T, and all of the
arcs of Y . One can verify that
T2 = (n − 2; n − 3; n; n− 1; n − 4; n − 5; : : : ; 4; 1; 3; 2)
is such a tournament.
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Table 1
Upper and lower bounds
Condition on  Bound Reason
K = 1, n = 4 sc(T) = 3 A.1
K = 1, 56n67 sc(T) = n + 2 A.2, A.3, A.4
K = 1, n>8 sc(T) = n + 3 2.5
K = 2, 1>2, K>2 sc(T) = ‘ + 1
K>2, 1 = 1, and
not all remaining i’s are 1 ‘6sc(T)6‘ + 1
K>2, 1>2, K>2, b>3 sc(T) = ‘ + 1 4.5
K>3, 1 = 1, K>1; and
all remaining i’s are 1 ‘6sc(T)6‘ + 1
K>3, 1 = 2, K = 2; and
all remaining i’s are 1 sc(T) = ‘ + 2 4.12, A.5
K>3, 1 = 2, K>3 and
all remaining i’s are 1 ‘6sc(T)6‘ + 2
K>3, 1>3, K>3 and
all remaining i’s are 1 ‘ + 16sc(T)6‘ + 2 4.7, 4.9
Case 3: 1>3 and K = 2. This case is similar to Case 2. One can verify that
T3 = (n − 1; n − 2; n; n − 3; : : : ; 5; 2; 1; 4; 3)
contains the forced arcs, the truncated upset path, and the arcs of X .
Case 4: 1>3 and K>3. Let T4 = (n− 2; n− 3; n; n− 1; n− 4; : : : ; 5; 2; 1; 4; 3). Then
T4 contains the forced arcs of T, the truncated upset path, the arcs of X , and the arcs
of Y .
5. Summary of results
For an ordered partition  of n− 3. dene ‘ by ‘= n− 1+ b + e. It follows from
Theorems 3.2 and 4.1 that if  has at least two parts, then
‘6sc(T)6‘ + 2: (3)
For some , Theorems 3:2 and 4:2 give an improvement of (3). In addition, arguments
similar to those in the proof of Theorem 4.3, but involving numerous cases, are in
[5, see Theorems 4.5, 4.7, 4.9, and 4.12] and yield the improvement
sc(T)>n+ b + e
when
(a) b>3, 1>2, and K>2,
(b) b= 2, 1>3, and K>3, or
(c) = (2; 1; 3), and 3>2,
and the improvement
sc(T)>n+ b + e + 1
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when K>4, 1 = 2, K = 2, and all other i’s equal 1. Table 1 summarizes these
improved upper and lower bounds. Unless specied, the bounds in the table follow
from Theorems 3:2, 4:1, and 4:2 of this paper. The reasons in the table refer to theorems
in [5].
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